We study the necessity of interaction between individuals for obtaining approximately efficient economic allocations. We view this as a formalization of Hayek's classic point of view that focuses on the information transfer advantages that markets have relative to centralized planning. We study two settings: combinatorial auctions with unit demand bidders (bipartite matching) and combinatorial auctions with subadditive bidders. In both settings we prove that non-interactive protocols require exponentially larger communication costs than interactive ones, even those that only use a modest amount of interaction.
INTRODUCTION
The most basic economic question in a social system is arguably how to determine an efficient allocation of the economy's resources. This challenge was named the economic calculation problem by Hayek therefore proposes that the question of which economic system is better (market-based or centrally-planned) can essentially be reduced to determining which of them is able to better transfer the information needed for economic efficiency:
which of these systems is likely to be more efficient depends ... on whether we are more likely to succeed in putting at the disposal of a single central authority all the knowledge which ... is initially dispersed among many different individuals, or in conveying to the individuals such additional knowledge as they need in order to enable them to fit their plans with those of others.
This paper formalizes Hayek's question in specific technical terms that quantify the amount of information exchange needed for obtaining economic efficiency. We consider the main distinction -in terms of information transfer -between a centralized system and a distributed market-based one to be that of interaction: in a centralized system all individuals send information to the central planner who must then determine an efficient allocation, while market based systems are by nature interactive. 1 Our main results support Hayek's point of view. We exhibit situations where interaction allows exponential savings in information transfer, making the economic calculation problem tractable for interactive markets even when it is intractable for a centralized planner. We have two conceptually similar, but technically disjoint, sets of results along this line. The first set of results considers the classic simple setting of unit-demand bidders, essentially a model of matching in bipartite graphs. The second and more complicated setting concerns combinatorial auctions with subadditive bidders. In both settings we show that non-interactive protocols have exponentially larger communication costs relative to interactive ones. 1 One may of course conceive of interactive versions of centralized planning such as the "market socialism" models proposed by Lange and Lerner [22] , but these become indistinguishable from market mechanisms in terms of their informational abilities. As Hayek [16] puts it: "... when Professor Abba P. Lerner rediscovers Adam Smith ..." .
In a complementary set of results we also show that exponential savings in communication costs can be realized with even limited interaction.
In technical terms, we formalize this problem in the realm of communication complexity. Non-interactive systems are modeled as simultaneous communication protocols, where all agents simultaneously send messages to a central planner who must decide on the allocation based on these messages alone. Interactive systems may use multiple rounds of communication and we measure the amount of interactiveness of a system by the number of communication rounds. In both of our settings we prove lower bounds on the simultaneous communication complexity of finding an approximately efficient allocation as well as exponentially smaller upper bounds for protocols that use a modest number of rounds of interaction.
We now elaborate in more details on the two settings that we consider and describe our results. We begin with the technically simpler setting of bipartite matching.
Bipartite Matching
In this simple matching scenario there are n players and n goods. Each player i is interested in acquiring a single item from some privately known subset Si of the goods and our goal is to allocate the items to the players in a way that maximizes the number of players who get an item from their desired set. This is of course a classic problem in economics (matching among unit demand bidders) as well as in computer science (bipartite matching).
We first consider simultaneous protocols. Each of the players is allowed to send a small amount of information, l bits with l << n, to the centralized planner who must then output a matching.
Theorem:
• Every deterministic simultaneous protocol where each player sends at most n bits of communication cannot approximate the size of the maximum matching to within a factor better than O(n 1− ).
• Any randomized simultaneous protocol where each player sends at most n bits of communication cannot approximate the size of the maximum matching to within a factor better than O(n 1/2−2 ).
Both our bounds are essentially tight. For deterministic protocols, one can trivially obtain an approximation ratio of n with message length O(log n): each player sends the index of one arbitrary item that he is interested in. If randomization is allowed, it is not hard to see that when each player sends the index of a random item he is interested in, we get an approximation ratio of O( √ n). We have therefore established a gap between randomized and deterministic protocols. We also note that the randomized lower bound can in fact be obtained from more general recent results of [18] in a stronger model. For completeness we present a significantly simpler direct proof for our setting.
On the positive side, we show that a few communication rounds suffice to get an almost efficient allocation 2 . Our algorithm is a specific instantiation of the well known class of "auction algorithms". This class of algorithms has its roots in [8] and has been extensively studied from an economic point of view (e.g. [29] ) as well as from a computational point of view (starting with [5] ).
The standard ascending auction algorithm for this setting begins by setting the price of each item to be 0. Initially, all bidders are "unallocated". Then, in an arbitrary order, each unallocated player i reports an index of an item that maximizes his profit in the current prices (his "demand"). The price of that item increases by and the item is reallocated to player i, and the process continues with another unallocated player. It is well known that if the maximum that a player is willing to pay for an item is 1, then this process terminates after at most Ω( n ) steps and it is not hard to construct examples where this is tight. We show that if in each round every unallocated player reports, simultaneously with the others, an index of a random item that maximizes his profit in the current prices (O(log n) bits of information) and each reported item is reallocated to an arbitrary player that reported it, then the process terminates in logarithmically many rounds. We are not aware of any other scenario where natural market dynamics provably converge (approximately) to an equilibrium in time that is sub-linear in the market size.
2 ) rounds the randomized algorithm provides in expectation an (1 + )-approximation to the bipartite matching problem.
We then quantify the tradeoff between the amount of interaction and economic efficiency. We show that for every k ≥ 1 there is a randomized protocol that obtains an O(n 1/(k+1) )-approximation in k rounds, where at each round each player sends O(log n) bits of information.
In passing we note that the communication complexity of the exact problem, i.e. of finding an exact perfect matching, when it exists, remains a very interesting open problem. Moreover, we believe that it may shed some light on basic algorithmic challenges of finding a perfect matching in near-linear time as well as deterministically in parallel. We shortly present this direction in appendix A.
Combinatorial Auctions with Subadditive Bidders
Our second set of results concerns a setting where we are selling m items to n bidders in a combinatorial auction. Here each player i has a valuation vi that specifies his value for every possible subset S of items. The goal is to maximize the "social welfare" i vi(Ai), where Ai is the set of goods that is allocated to player i. The communication requirements in such settings have received much attention and it is known that, for arbitrary valuations, exponential amount of communication is required to achieve even m 1/2− -approximation of the optimal welfare [28] . However, it is also known that if the valuations are subadditive, vi(S ∪ T ) ≤ vi(S)+vi(T ), then constant factor approximations can be achieved using only polynomial communication [11, 12, 30, 9, 23] . Can this level of approximate welfare be achieved by a direct mechanism, without interaction?
Two recent lines of research touch on this issue. First, several recent papers show that valuations cannot be "compressed", even approximately, and that any polynomial-length description of subadditive valuations (or even the more restricted XOS valuations) must lose a factor of Θ( √ m) in precision [3, 2] . Similar, but somewhat weaker, non-approximation results are also known for the far more restricted subclass of "gross-substitutes" valuations [4] for which exact welfare maximization is possible with polynomial iterative communication. Thus the natural approach for a direct mechanism where each player sends a succinctly specified approximate version of his valuation (a "sketch") to the central planner cannot lead to a better than O( √ m) approximation. This does not, however, rule out other approaches for non-interactive allocation, that do not require approximating the whole valuation, as we show next:
Theorem: There exists a deterministic communication protocol such that each player holds a subadditive valuation and sends (simultaneously with the others) polynomially many bits of communication to the central planner that guarantees anÕ(m 1/3 )-approximation to the optimal allocation.
Another line of relevant research considers bidders with such valuations being put in a game where they can only bid on each item separately [7, 6, 15, 13] . In such games the message of each bidder is by definition only O(m) real numbers, each can be specified in sufficient precision with logarithmically-many bits. Surprisingly, it turns out that sometimes this suffices to get constant factor approximation of the social welfare. Specifically one such result [13] considers a situation where the valuation vi of each player i is drawn independently from a commonly known distribution Di on subadditive valuations. In such a case, every player i can calculate bids on the items -requiring O(m log m) bits of communication -based only on his valuation vi and the distributions Dj of the others (but not their valuations vj). By allocating each item to the highest bidder we get a 2-approximation to the social welfare, in expectation over the distribution of valuations. This is a non-interactive protocol that comes tantalizingly close to what we desire: all that remains is for the 2-approximation to hold for every input rather than in expectation. Using Yao's principle, this would follow (at least for a randomized protocol) if we could get an approximation in expectation for every distribution on the inputs, not just the product distribution where the valuations are chosen independently. While the approximation guarantees of [7, 6, 15, 13] do not hold for correlated distributions on the valuations, there are other settings where similar approximation results do hold even for correlated distributions [24, 1] . Would this be possible here too?
Our main technical construction proves a negative answer and shows that interaction is essential for obtaining approximately optimal allocation among subadditive valuations (even for the more restricted XOS valuations):
Theorem: No (deterministic or randomized) protocol such that each player holds an XOS valuation and simultaneously with the others sends sub-exponentially many bits of communication to a central planner can guarantee an m 1 4 − -approximation. Again, this is in contrast to interactive protocols that can achieve a factor 2 approximation [11] (with polynomially many rounds of communication). The lower bound shows that interaction is necessary to solve the economic calculation problem in combinatorial auctions. We show that if a small amount of interaction is allowed then one can get significantly better results:
Theorem: For every k ≥ 1 there is a randomized protocol that obtains anÕ(k · m 1/(k+1) )-approximation in k rounds, where at each round each player sends poly(m, n) bits. In particular, after k = log m rounds we get a poly-logarithmic approximation to the welfare.
Open Questions
In our opinion the most intriguing open question is to determine the possible approximation ratio achievable by simultaneous combinatorial auctions with submodular or even gross-substitutes players that are allowed to send poly(m, n) bits. Our O(m Another natural open question is to prove lower bounds on the approximation ratio achievable by k-round protocols. Our bounds only hold for k = 1. Furthermore, how good is the approximation ratio that can be guaranteed when incentives are taken into account? Can a truthful k-round algorithm guarantee poly-logarithmic approximation in O(log n) rounds for XOS valuations?
For the bipartite matching setting we leave open the question of developing algorithms for weighted bipartite matching. In addition, our k-round algorithms are randomized; developing deterministic k-round algorithms even for the unweighted case is also of interest. In Appendix A we further discuss more open questions related to the communication complexity of bipartite matching and its relation to the computational complexity of bipartite matching.
Finally, we studied the matching problem in the framework of simultaneous communication complexity. A fascinating future direction is to study other classic combinatorial optimization problems (e.g., minimum cut, packing and covering problems, etc.) using the lenses of simultaneous communication complexity.
PRELIMINARIES
Combinatorial Auctions. In a combinatorial auction we have a set N of players (|N | = n) and a set M of different items (|M | = m). Each player i has a valuation function vi : 2 M → R. Each vi is assumed to be normalized (vi(∅) = 0) and non decreasing. The goal is to maximize the social welfare, that is, to find an allocation of the items to players (A1, . . . , An) that maximizes the welfare:
Σivi(Ai). A valuation function is subadditive if for every two bundles S and T , v(S)+v(T ) ≥ v(S ∪T ). A valuation v is additive if for every bundle S we have that v(S) = Σj∈Sv({j}).
A valuation v is XOS if there exist additive valuations a1, . . . , at such that for every bundle S, v(S) = maxr ar(S). Each ar is a clause of v. If a ∈ arg maxr ar(S) then a is a maximizing clause of S.
Matching. Here the goal is to find a maximum matching in an undirected bipartite graph G = (V1, V2, E), |V1| = |V2| = n. Each player i corresponds to vertex i ∈ V1 and is only aware of edges of the form (i, j) (j ∈ V2 since the graph is bipartite). The neighbor set of i is Si = {j|(i, j) ∈ E}. The goal is to maximize the number of matched pairs. When convenient we will refer to vertices on the left as unit demand bidders and the vertices on the right as goods. Under this interpretation the neighbor set of player i is simply the set of goods that he is interested in.
Chernoff Bounds. Let X be a random variable with expectation µ. Then, for any δ > 0:
µ . For δ > e 2 we can loosely bound this expression by:
LOWER BOUNDS FOR BIPARTITE MATCHING
In this section we state lower bounds on the power of algorithms for bipartite matching. Proofs appear in the full version of the paper. The first one deals with the power of deterministic algorithms:
The approximation ratio of any deterministic simultaneous algorithm for matching that uses at most l bits per player is no better than n 8l + 4 log(n)
. In particular, for any fixed > 0 and l = n the approximation ratio is Ω(n 1− ).
The second theorem gives a lower bound on the power of randomized algorithms:
THEOREM 3.2 (RANDOMIZED ALGORITHMS LOWER BOUND).
Fix > 0. The approximation ratio of every algorithm in which each player sends a message of size l ≤ n
The next proposition (easy proof appears in the full version of the paper) shows that both lower bounds are essentially tight. In particular, this implies a proven gap between the power of deterministic and randomized algorithms. PROPOSITION 3.3.
1. There exists a deterministic simultaneous algorithm that provides an approximation ratio of max(2, n log n l ) using l bits per player.
2. There exists a simultaneous randomized algorithm that provides an expected approximation ratio of O( √ n).
ALGORITHMS FOR BIPARTITE MATCH-ING
We provide two algorithms that guarantee significantly better approximation ratios using a small number of rounds. We show that O( log n δ 2 ) rounds suffice to get a (1 + δ) approximation. In the full version of the paper we present an algorithm that provides an approximation ratio of O(n 1 k+1 ) in k rounds. This shows that even a constant number of rounds suffices to get much better approximation ratios than what can be achieved by simultaneous algorithms.
A
The algorithm is based on an auction where each player competes at every point on one item that he demands the most at the current prices. Therefore, it will be easier for us to imagine the players as having valuations. Specifically, each player i is a unit demand bidder with vi(j) = 1 if j ∈ Si and vi(j) = 0 otherwise.
The Algorithm
1. For every item j let pj = 0.
2. Let N1 be the set of all players.
3. In every round r = 1, . . . ,
(a) For each player i ∈ Nr, let the demand of i be Di = arg minj:p j <1,j∈S i pj. This is the subset of Si for which the price of each item is minimal and smaller than 1.
(b) Each player i ∈ Nr selects uniformly at random an item ji ∈ Di and reports its index.
(c) Go over the players in Nr in a fixed arbitrary order. If item ji was not yet allocated in this round, player i receives it and the price pj i is increased by δ. In this case we say that player i is committed to item ji. A player i that was committed to ji in the previous round (if such exists) now becomes uncommitted.
(d) Let Nr+1 be the set of uncommitted players at the end of round r.
Our algorithm is very similar to the classical auction algorithms except for two seemingly small changes. However, quite surprisingly, these changes allow us to substantially reduce the communication cost. The first change is to ask all the players to report an item of their demand set simultaneously (instead of sequentially). This change alone is not enough as in the worst case many players might report the same item and hence the number of rounds might still be Ω( n δ ). Hence we ask each player to report a random item of his demand instead. In the full version we prove the following theorem: THEOREM 4.1. After O( log n δ 2 ) rounds the algorithm above provides an approximation ratio of (1 + δ).
It is worth noting a different version of the auction algorithm which was discussed in [8] . In this version at every round each player reports its entire demand set (simultaneously with the other players), then a minimal set of over demanded items is computed and only their prices are increased. While the number of rounds for this algorithm might be small the communication cost of each round can be linear in n.
A LOWER BOUND FOR SUBADDITIVE COMBINATORIAL AUCTIONS
We now move to discuss combinatorial auctions with subadditive bidders. In particular, in this section we prove our most technical result: THEOREM 5.1. No randomized simultaneous protocol for combinatorial auctions with subadditive bidders where each bidder sends sub-exponentially many bits can approximate the social welfare to within a factor of m 1 4 − , for every constant > 0.
We will actually prove the lower bound using only XOS valuations, a subclass of subadditive valuations. We present a distribution over the inputs and show that any deterministic algorithm in which each bidder sends sub-exponentially many bits cannot approximate the expected social welfare to within a factor of m 1/4− for this specific distribution (where expectation is taken over the distribution). This implies, by Yao's principle, that there is no randomized algorithm that achieves an approximation ratio of m 1/4− for every constant > 0.
Our hard distribution which we denote by D is the following:
• Each player i gets a family Fi of size t = e 2k of sets of k items. The valuation of player i is defined to be: vi(S) = maxT ∈F i |T ∩ S|. Observe that this is an XOS valuation where each set S ∈ Fi defines a clause in which all items in S have value 1 and the rest of the items have value 0.
• The families Fi are chosen, in a correlated way, as follows:
first, a center C of size k 3 is chosen at random; then for each player i a petal Pi of size k 2 is chosen at random from the complement of C. Now, for each player i, the family Fi is chosen as follows: one set Ti of size k is chosen at random from Pi and t − 1 sets of size k are chosen at random from C ∪ Pi.
• The players do not know C nor do they know which of the sets was chosen from Pi. We may assume without loss of generality that each player i knows the set C ∪ Pi.
Each player sends, deterministically, simultaneously with the others, at most l bits of communication just based on his input Fi. A referee that sees all the messages chooses an allocation A1, . . . , An of the m items to the n players (only based on the messages), with the Ai's being disjoint sets. We assume without loss of generality that all items are allocated.
In order to prove that no deterministic algorithm can obtain a good approximation for instances drawn from D, we show that to get a good approximation we must identify Ti for almost all of the players. This would have been easy had each player could have distinguished between the items in C and Pi, but this information is missing. We show that for the central planner to successfully identify even a single Ti player i has to send exponentially many bits. Formally, this is done by reducing the two-player "set seeking" problem that we define below to the multi-player combinatorial auction problem. The main technical challenge is to prove the hardness of the set seeking problem.
The next couple of lemmas together gives us Theorem 5.1. The proof of the first lemma is easy and provided in the appendix. The second lemma is the heart of the lower bound. LEMMA 5.3. Every deterministic protocol for the combinatorial auction problem with l < t produces an allocation with i vi(Ai) = k 3+O( ) , in expectation (over the distribution).
To prove Lemma 5.3 we first define a two-player "set seeking" problem and show its hardness (Subsection 5.1). Next, we reduce the two-player set seeking problem to our multi-player combinatorial auction problem (Subsection 5.2).
The Two Player "Set Seeking" Problem
The "Set Seeking" problem includes two players and x = k 2 + k 3 items. One of the players plays the role of the keeper and gets as an input a family of t = e 2k sets F where all the sets are of size k. The other player plays the role of the seeker and gets a set P of size k 2 . In this problem, first the keeper sends a message of at most l bits (advice). Next, based on this message the seeker outputs some
We will analyze the performance of deterministic algorithms on a specific distribution (D2) for this problem which we now define. This distribution is based on choosing two sets, F and P which are chosen in correlation as follows:
1. A set P of size k 2 is chosen uniformly at random from all items.
2. The set F is constructed by choosing uniformly at random a special set TP of size k from P and additional t − 1 sets of size k from all items.
LEMMA 5.4. If l ≤ t then there is no k 1− -approximation for the set seeking problem.
PROOF. Fix a message m and let Am(P ) denote the set A that the seeker returns when his input is P and the keeper sends a message m.
DEFINITION 5.5. Fix a message m and a set P ,
CLAIM 5.6. Fix a message m and a set P , |P | = k 2 . The probability that a set S which is chosen uniformly at random from P is (m, P )-compatible is at most 2e −k .
PROOF. We fix a set Am(P ) = A ⊆ P and compute the probability that the intersection of this set with a set S of size k chosen uniformly at random out of k 2 items will be greater than
The probability of each element in S to be in A ∩ S is exactly |A| k 2 .
Thus we expect that |A ∩ S| ≈ |A| k . We now use Chernoff bounds to make this precise.
Consider constructing the following random set T : k items are selected so that each item is chosen uniformly at random amount the k 2 items of P . T is similar to the way S is constructed, except that it possibly contains less than k items as there is some positive chance that some item in P will be selected twice. We conservatively assume that every item that was selected twice is in A. Thus, if we bound the probability that |A ∩ T | is too large, we also bound the probability that |A ∩ S| is too large.
We first bound the probability that more than k items are selected at least twice to T . Since there are at most k items in T , in the k'th item that we have the select, the probability that we will choose an already-selected item is at most
. By the Chernoff bounds, the probability that more than k items are selected twice to T is at most:
To compute the expected intersection with A, assume k independent variables, each variable yi is true with probability |A| k 2 and false with probability 1 − |A|
Chernoff bounds we get that:
The last transition holds by the assumption that |A| ≥ k.
We have that with probability of at most 2 e k we have that |A ∩ T | ≤ 2e −k . By our discussion above, with at most the same probability we have that |A ∩ S| ≤ 2e k .
DEFINITION 5.7. Let F be a family of sets of size k, |F | = t = e 2k . We say that a message m is
k , where T is chosen uniformly at random from F and P , |P | = k 2 , contains T and k 2 − k items chosen uniformly at random from the rest of the items. CLAIM 5.8. For every message m, the probability that m is Fgood is at most
where the sets in F are chosen uniformly at random.
PROOF. Fix a message m. Consider F where the sets in F are chosen uniformly at random. We first compute the probability that for a single T ∈ F we have that |Am(P )∩T | ≥ Am(P ) k 1− . Observe that every set T ∈ F in this setting can be thought of as chosen uniformly at random from a fixed set P . Thus that probability is the same as the probability that T is (m, P )-compatible, which is e −k by Claim 5.6. Now we would like to compute the probability that m is F -good, that is the probability that there exist at least e
The expected number of such sets is e −k · |F | = e k . By the Chernoff bounds
k ) this probability is at most p .
We can now finish the proof. Choose F at random. For every m the probability that m is F -good is at most p . The message length is l, and the total number of messages is therefore at most 2 l . Thus, by the union bound, the probability that there exists some message m which is F -good is at most
, where the transition before the last uses the fact that < 1. Hence, with probability at least 1 − e −e k every message m is not F -good for the randomly chosen F . This in turn implies that for a family F and for every message m the probability for P and T chosen as in Definition 5.7 that T is (m, P )-compatible is at most e the approximation ratio is 1, the expected approximation ratio is at most
The Reduction (Set Seeking → Combinatorial Auctions with XOS bidders)
Given the hardness of the set seeking problem, we will be able to derive our result for combinatorial auctions using the following reduction: LEMMA 5.9. Any protocol for combinatorial auctions on distribution D that achieves approximation ratio better than m 1/4− where the message length of each player is l can be converted into a protocol for the two-player set seeking problem on distribution D2 achieving an approximation ratio of k 1− with the same message length l.
PROOF. In the proof we fix an algorithm for the multi-player combinatorial auction problem and analyze its properties. DEFINITION 5.10. Fix an algorithm for the XOS problem and consider the distribution D. We say that player i is
To prove the lemma we first show that if none of the players are good then the algorithms approximation ratio is bounded by m 1/4− . Else, there exists at least a single player which is good. In this case we show how the algorithm for combinatorial auctions can be used to get a good approximation ratio for the set seeking problem. PROOF. To give an upper bound on the expected social welfare we assume that the k 3 items in the center are always allocated to players that demand them. We now compute an upper bound on the contribution of the remaining k 4 items to the expected social welfare. Observe that since none of the players is good, each player contributes at most |Ai| k 1− + k to the expected social welfare (of the k 4 items). Hence the expected social welfare achieved by the algorithm is at most i ( |Ai|
3+ . This implies that the approximation ratio of the algorithm
− .
CLAIM 5.12. If there exists a good player then there exists an algorithm for the two-player set seeking problem that guarantees an approximation ratio of k 1− with the same message length.
PROOF. Let player i be the good player. Recall that D is the distribution for the multi-player combinatorial auction problem and that D2 is the distribution defined for the set seeking problem. We denote by ED[·] and ED 2 [·] expectations taken over the distributions D and D2 respectively. We show that there exists an algorithm for the set seeking problem achieving expected approximation ratio of k 1− on D2. Let the keeper take the role of player i in the multi-player algorithm and the seeker play the roles of the rest of the n − 1 players. More precisely, the keeper first sends player i's message to the seeker. This is possible as the input of the keeper is identical to the input of the players in the multi-player problem. Next, the seeker simulates the messages of the remaining players and run the algorithm internally. This simulation is possible by the assumption that in the multi-player algorithm all messages are sent simultaneously. The number of items in the combinatorial auction will be k 3 + k 4 , where the x items of the set seeking problem will correspond to some set X of size x of items in the combinatorial auction. We first show that given that the information of the seeker and keeper is drawn in a correlated way from D2, they have enough information to simulate the correlated distribution D.
The input of the keeper is defined in a straightforward way, where each set in F defines a clause in the XOS valuation. All items in these clauses are subsets of X. The seeker constructs the valuations of the other n − 1 players as follows: the items that are in X \ P form the center. Next the seeker chooses uniformly at random for each player j a petal Pj of the k 4 items not in the center, a set Tj ⊆ Pj of size k and additional t − 1 sets of size k from C ∪ Pj. Observe that the distribution of valuations constructed this way is identical to D. The inherent reason for this is that for player i the distribution of Pi and Ti is identical to the distribution of P , T and F in D2 as in both cases P and the t − 1 sets in F (or Pi and Fi) are chosen uniformly at random from a set of size k 3 + k 2 and T (or Ti) is chosen uniformly at random from P (or Pi). In other words, the distribution D2 on F, P and T is identical to distribution D projected on Fi, Pi and Ti.
We now observe that since i is a good player we have that ED[|Ai∩ Ti|] ≥ max{ |Ai| k 1− , k }. We show that this implies an algorithm achieving expected approximation ratio of k 1− for the two-player set seeking problem. The algorithm works as follows: we first perform the reduction above, and therefore the distribution we are analyzing is D. Now, if player i was assigned a bundle Ai of size at least k, the algorithm returns A = Ai. Else, the algorithm returns a bundle A that contains Ai and additional k − |Ai| arbitrary items.
Thus, we have that ED[|A ∩ Ti|] ≥ |A| k 1− , as we made sure that |A| ≥ k implying that |A| k 1− ≥ k . We claim that the expected approximation ratio of the algorithm on D2 is k 1− . As the distribution D2 on F, P and T is identical to distribution D projected on Fi, Pi and Ti, we have that
This in turn implies
that maxS∈F |A ∩ S| |A| ≥ 1 k 1− and since the optimal solution has a value of 1 the expected approximation ratio is k 1− .
From the last two claims we get that either the algorithm for the combinatorial auction problem does not guarantee a good approximation ratio, or that we have constructed an efficient protocol for the set seeking problem.
ALGORITHMS FOR SUBADDITIVE COM-BINATORIAL AUCTIONS
We design algorithms for a restricted special case we refer to as "t-restricted" instances (see definition below). We will show however that the existence of a simultaneous algorithm for t-restricted instances implies a simultaneous approximation algorithm for subadditive bidders with almost the same approximation ratio. DEFINITION 6.1. Consider an XOS valuation v(S) = maxr ar(S), where each ar is an additive valuation. v is called binary if for every ar and item j we have that ar({j}) ∈ {0, µ}, for some µ. 2. For every i, either |Ai| = t or |Ai| = 0.
t is a power of 2.

Σivi(Ai) ≥
OP T 2 log m .
PROPOSITION 6.3.
If there exists a simultaneous algorithm for t-restricted instances that provides an approximation ratio of α where each bidder sends a message of length l, then there exists a simultaneous algorithm for subadditive bidders that provides an approximation ratio of O(α · log 3 m) where each bidder sends a message of length O(l · log 3 m).
The proof of Proposition 6.3 can be found in the full version of paper . 1 3 )-Approximation We show that simultaneous algorithms can achieve better approximation ratios than those that can be obtained by sketching the valuations. Specifically, we prove that: THEOREM 6.4. There is a deterministic simultaneous algorithm for combinatorial auctions with subadditive bidders where each player sends poly(m, n) bits that guarantees an approximation ratio ofÕ(m Given Proposition 6.3, we may focus only on designing algorithms for t-restricted instances. The algorithm for t-restricted instances is simple:
A SimultaneousÕ(m
1. Each player reports a maximal set of disjoint bundles Si such that for every bundle S ∈ Si : |S| = t 2
and vi(S) = |S|.
2. For each i, let v i be the following XOS valuation:
3. Output (T1, . . . , Tn) -the best allocation 3 with respect to the v i 's.
Notice that the size of the message that each player sends is poly(m). Furthermore, for each bundle S and bidder i vi(S) ≥ v i (S). We will show that the best allocation with respect to the v i 's provides a good approximation with respect to the original valuations vi's. I.e.,
The proof considers three different allocations and shows that each allocation provides a good approximation for a different regime of parameters. See the full version of the paper for formal statements and proofs.
• The best allocation (with respect to the v i 's) in which each player receives at most one item. We show that this provides an O(t) approximation with respect to the vi's.
• Each player i is allocated the fraction of the bundle T ∈ Si that maximizes |T ∩ Ai|. We show that this allocation guarantees an approximation ratio ofÕ(l), for some l related to the li's.
• The third allocation is constructed randomly (even though our algorithm is deterministic): each player i chooses at random a bundle Si, and each item j is allocated to some player that j is in his randomly selected bundle, if such exists. Let n be the number of nonempty bundles in (A1, . . . , An). We show that the expected approximation of this allocation is O(n /l), for the same l as above.
By choosing the best of these three allocations we get the desired approximation ratio: CLAIM 6.5. Suppose that we have three allocations B 1 , B 2 and B 3 such that:
PROOF. By the first two claims, we get an approximation ratio ofÕ(m 
A k-Round Algorithm
We now develop an algorithm that guarantees an approximation ratio of O(m 1 k+1 ) for combinatorial auctions with subadditive valuations in k rounds. In each of the rounds each player sends poly(m) bits. We provide an algorithm for t-restricted instances (see Section 6.1 for a definition). By Proposition 6.3 this implies an algorithm with almost the same approximation ratio for general subadditive valuations.
The Algorithm (for t-restricted instances)
2. In every round r = 1, . . . , k:
(a) Each player reports the a maximal set of disjoint bundles Sr,i such that for every bundle S ∈ Sr,i : S ⊆ Ur,i, |S| = t 2k
(b) Go over the players in Nr in an arbitrary order. For every player i for which there exists a bundle S ∈ Sr,i such that at least
of its items were not allocated yet, allocate player i the remaining unallocated items of S.
(c) Let Nr+1 ⊆ Nr be the set of players that were not allocated items at round r or before.
(d) Let Ur+1 ⊆ Ur be the set of items that were not allocated at round r or before.
(e) Let Ur+1,i = (∪S∈S r,i S) ∩ Ur+1.
In the full version we prove the following theorem: THEOREM 6.6. For every k ≤ log m, there exists an algorithm for t-restricted instances that provides an approximation ratio of O(k · m 
APPENDIX A. COMMUNICATION COMPLEXITY OF BIPARTITE MATCHING
In this appendix we discuss a proposed communication complexity investigation of the bipartite matching problem. This model is essentially the same as that used in our investigation of bipartite matching in the rest of the paper but focusing on the exact problem rather than on approximations, and proposing the study of communication as of itself rather than merely as an abstraction of market processes.
We focus on the open problem(s) and shortly mention some related models where communication bottlenecks for matching have been investigated and give a few pointers to different such threads where the interested reader may find many more references.
A.1 The Model and Problem
There are n items and n players. Each player i holds a subset Si of items that he is interested in. I.e. we have a bipartite graph with n left vertices (players) and n right vertices (items), and have a player in our model for each left vertex, a player that knows the set of neighbors of his vertex in the bipartite graph (but there are no players associated with the items.) The goal of these players is to find a maximum matching between items and players, i.e. that each player is assigned a single item ji ∈ Si with no items assigned to multiple players ji = j i for i = i .
Communication Model
The players engage in a fixed communication protocol using broadcast messages. Formally they take turns writing on a common "blackboard". At every step in the protocol, the identity of the next player i to write a bit on the blackboard must be completely determined by the contents of the blackboard, and the message written by this player i must be determined by the contents of the blackboard as well as his own private input Si. Whether the protocol terminates at a given point must be completely determined by the contents of the blackboard, and at this point the output matching must be solely determined by the contents of the blackboard. This model is completely equivalent to a decision tree, each query can be an arbitrary function depending only on a single player's information Si. The measure of complexity here is the total number of bits communicated.
Rounds
The communication model above allows an arbitrary order of communication. Of interest are also various limited orders: oblivious (the order of speaking is fixed independently of the input), and the simplest special case of it, one-way communication where the players speak in the fixed order of player 1, player 2, etc. We will focus on speaking in rounds: in each "round" each of the n players writes a message on the blackboard, a message that may depend on his own input as well as the messages of the others in previous rounds (i.e. on the contents of the blackboard after the previous round). The measures of complexity here are the number of rounds and the total number of bits communicated. The special case of a single round is called a simultaneous protocol.
Open Problems
How much communication is needed for finding a maximum matching? What if we are limited to r rounds? These questions apply both to deterministic and to randomized protocols. The tradeoff between communication and approximation is of course also natural to explore.
What is Known
The trivial upper bound for communication is n 2 since players can all simultaneously send their full input. The trivial lower bound is Ω(n log n) as this is the number of bits necessary to represent the output matching (and every matching may need to be given as output).
Significantly, the non-deterministic (and co-non-deterministic) communication complexity is also O(n log n): to verify that a given matching is maximum size it suffices to add a Hall-theorem blocking set, or alternatively a solution for the dual. Specifically, a specification of a set of "high-price" items, so that (1) only allocated items are high-price (2) all players that are not allocated a low price item are only interested in high-price ones. The fact that the nondeterministic complexity is low means that "easy" lower bounds techniques such as fooling-sets or cover-size bounds will not suffice for giving good lower bounds.
Interestingly, an O(n 1.5 log n) upper bound can be obtained by adapting known algorithms to this framework: First, the auction algorithm described in Section 4 gives a (1 − δ)-approximation using O(n log n/δ) communication. When we choose δ = 1/ √ n this means that we get a matching that is at most smaller than the optimal one by an additive √ n. We can thus perform √ n more augmenting path calculations to get an optimal matching. Each augmenting path calculation requires only O(n log n) bits of communication: it requires finding a path in a graph on the players that has a directed edge between player i and player i whenever i is interested in an item that is currently allocated to i . The goal here is to find a path from any player that is not allocated an item to any player that is interested in an unallocated item. A breadth first search with the blackboard serving as the queue requires writing every vertex at most once on the blackboard, at most O(n log n) communication.
We do not know any better upper bound, nor do we know a better than O(n 2 ) upper bound for even n rounds. Our lower bounds for matching provide an Ω(n 2 ) lower bound for simultaneous protocols, and a n 1+Ω(1/ log log n) lower bound for one-way communication follows from [14] . We don't know any lower bound better than Ω(n log n) for general protocols or even for 2-round protocols.
Algorithmic Implications
We believe that studying the bipartite matching under this model may be a productive way of understanding the general algorithmic complexity of the problem. A major open problem is whether bipartite matching has a (nearly-)linear time algorithm: O(n 2+o(1) ) time for dense graphs (and maybe O(m 1+o(1) ) for graphs with m edges). The best deterministic running time known (for the dense case) is the 40-year old O(n 2.5 ) algorithm of [17] , with a somewhat better randomized O(n ω ) algorithm known [26] (where ω = 2.3... is the matrix multiplication exponent). For special cases like regular or near-regular graphs nearly linear times are known (e.g. [31] ). In parallel computation, a major open problem is whether bipartite matching can be solved in parallel poly-logarithmic time (with a polynomial amount of processors). Randomized parallel algorithms for the problem [27, 20] have been known for over 25 years.
On the positive side, it is "likely" that any communication protocol for bipartite matching that improves on the currently known O(n 1.5 ) complexity will imply a faster than the currently known O(n 2.5 ) algorithm. This is not a theorem, however the computational complexity needed to send a single bit in a communication protocol is rarely more than linear in the input held by the player sending the bit. Most often each bit is given by a very simple com-putation in which case this is so trivially, but sometimes, clever data structures will be needed for this to be so. If this will be the case in the communication protocol in question then the improved algorithm is implied. A similar phenomena should happen if a deterministic communication protocol that uses poly-logarithmic many rounds is found since most likely each bit sent by each player is determined by a simple computation that can be computed in parallel logarithmic time.
On the negative side, lower bounds in a communication model do not imply algorithmic lower bounds, however they can direct the search for algorithms by highlighting which approaches cannot work. This is the great strength of concrete models of computation where lower bounds are possible to prove.
A.2 Related Models
The bipartite matching problem has been studied in various models that focus on communication.
Point to Point Communication
In our model players communicate using a "blackboard"; any bits sent by a player is seen by all. A weaker model that is more natural to capture realities in distributed systems will consider the case where each message is sent to a single recipient. Such models are also called "message passing" or "private channels". One must be slightly careful in defining such protocols as to ensure that no communication is "smuggled" by the timing of messages, and the standard way of doing so is using the essentially equivalent coordinator model of [10] . It turns out that bipartite matching is even harder to approximate without broadcast and the results of [18] give an Ω(α 2 n 2 ) lower bound for even finding an α-approximation (even using randomization). Note that this model is trivially more general than that of simultaneous protocols hence this lower bound gives the randomized lower bound from Theorem 3.2. We also note that our proof for this theorem actually also applies to the model of interactive protocols with private channels.
Multiple Vertices per Processor
In our model, the problem for n + n-vertex graphs is handled by n players. A model that is more appropriate for the current scales of distributed systems is to use k processors where k << n. There are various options for partitioning the n 2 bits of input to the processors where, most generally, each of the k processors can hold an arbitrary part. This is the usual model of interest for distributed systems and was e.g. used in [18] . Here again one might distinguish between broadcast and point to point communication models, where the gap between the models can be no larger than a factor of k. To convert an auction-based algorithm to run in this framework one must be able to calculate the demand of a vertex. Usually this can be easily done with O(k log n) communication, but in many cases it is possible to pay an overhead of O(δ −1 ) instead. In particular, the basic δ-approximation auction algorithm that obtains a (1 − δ) approximation can be run in this model using O(n log n/δ 2 ) communication in the blackboard model and thus O(kn log /δ 2 ) with point to point communication.
Two Players
When we are down to k = 2 players we are back to the standard two-player communication complexity model of Yao. Two variants regarding the partition of the input to the two players are natural here: (a) each player i holds an arbitrary subset Ei of the edges and the graph in question is just the union E1 ∪ E2; (b) each player i holds the edges adjacent to n/2 of the left-vertices. These models are less-distributed and thus stronger than our n-player model. As in our model, the complexity of bipartite matching is completely open, and in particular the communication complexity of the decision problem of whether the input graph has a perfect matching is open with no known non-trivial, ω(n), lower bounds or non-trivial, o(n 1.5 ) upper bounds.
Streaming and Semi-streaming
One of the main applications of communication complexity is to serve as lower bounds for "streaming" algorithms, those are algorithms that go over the input sequentially in a single pass (or in few passes), while using only a modest amount of space. The model of communication complexity required for such lower bounds is that of a one-way single-round private-channel protocol where in step i player i sends a message to player i + 1. (For r-pass variants of streaming algorithms, we will have r such rounds of one-way communication.) The lower bounds mentioned above thus imply that no streaming algorithm that uses o(n) space can get even a constant factor-approximation of the maximum matching, even with O(1) rounds. A greedy algorithm gets 1/2-approximation in a single round using O(n) space, and slight improvements in the approximation factor using linear space are possible, e.g. using the online matching algorithm of [21] . In r passes and nearly-linear space, [19] gets an 1 − O(1/ √ r) approximation. Streaming algorithms that use linear or near-linear space are usually called semistreaming algorithms and lower bounds for them are usually derived by looking at the information transfer between the "first half" and the "second half" of the input data and proving a significantly super-linear lower bound on the one-way two-party communication. This was done in [14] who give a n 1+Ω(1/ log log n) lower bound for improving the 2/3 approximation. To the best of our knowledge no better lower bound is known even for getting an exact maximum matching.
Distributed Computing
In this model the input graph is also the communication network. I.e. players can communicate with each other only over links that are edges in the input graph, and the interest is the number of rounds needed. For this to make sense in a bipartite graph we need to also have processors for the right-vertices of the graph (and thus every edge is known by the two processors it connects.) It is not hard to see that to get a perfectly maximal matching in this model transfer of information across the whole diameter of the graph may be needed, which may require Ω(n) rounds of communication, but in [25] a protocol is exhibited that gives a (1 − δ)-approximation in O(log n/δ 3 ) rounds.
